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O ' Abstract 

O' 

The eight- vertex model at the reflectionless points is considered on the basis of Smirnov's 
£N| ' axiomatic approach. Integral formulae for form factors of the eight-vertex model can be 

| obtained in terms of those of the eight-vertex SOS model, by using vertex-face transforma- 

tion. The resulting formulae have very simple forms at the reflectionless points, and suggest 

"xl" I 

us the free field representation of type II vertex operators in the eight-vertex model. 

o 
o 

1— I 

"n! - ! 1 Introduction 
O 

In this paper we wish to construct form factors in the eight-vertex model at the reflectionless 
points. Form factors are originally defined as matrix elements of local operators. Through the 
study of form factors in the sine-Gordon model, Smirnov found three axioms as sufficient 
conditions for the local commutativity of local fields in the model. Thus, following Smirnov, 
any objects that satisfy Smirnov's three axioms are referred to as 'form factors'. 
For fixed a local operator O, let 

F«(0;Ci,-" ,Cam) = E v k®---® v k m F $(^--- .CamV-Aw (H) 

Then Smirov's axioms are as follows pQ: 
1. S-matrix symmetry: 

,c i+ i,0,---)^-;+i = ,0,0+i, ■■■)s jj+1 (u j - Uj+1 ), (1.2) 



*Based on a talk given in the conference 'Solvable Lattice Models 2004 - Recent Progress in Solvable Lattice 

Models -', RIMS, Kyoto University, 23 July 2004. 
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where Qj = x u i , and P is the permutation operator (x <S> y)P = y £g> x. 

2. cyclicity: 

F$((',X- 2 ( 2m ) = F^(( 2m ,(')Pl2- --Plm-llm. (1-3) 

where (' = (Ci>'" ,C2m-i)- 

3. annihilation pole condition 

Res F«(C)^ (1.4) 

= (-*m-l(C") ® «e - Fm~l(£") ® u t S 2rn-l l(«2m-l - «l) • • • S^-l 2m-2(«2m-l ~ «2m-2)) , 

Here, C = (&>••• > Cam), and C" = (Ci, • • • , C2m-2); and u* = v* + v*_ + eu* v+. 
The first two axioms imply the q-KZ equation |;2 a of level 0: 

F m(Cl,--- ,X 2 (j,--- ,C2m) = F^~^(QSjj + x(Uj - U j+1 ) ■ ■ ■ Sj 2m (uj ~ U 2m ) 

x Sji(uj — ui — 2) • • • Sj j-i(uj — Uj-i — 2). (1-5) 

Lashkevich and Pugai used the vertex-face correspondence [3] in order to construct 
the correlation functions of the eight- vertex/XYZ model in terms of those of the eight-vertex 
SOS model [Sj- The author constructed another simplified expression for the eight-vertex/XYZ 
correlation function, by solving Bootstrap equations [Jj. Shiraishi ,8. constructed the formulae 
of the correlation functions of the XYZ model without using the vertex-face correspondence. 

Concerning form factors in the eight-vertex model, Lashkevich [2j found a bosonization 
recipe to construct integral representations of the form factors in the eight-vertex model. In 
principle, all form factors corresponding to all local fields can be constructed, but they take 
very complicated forms. We wish to construct simpler expressions in terms of the eight-vertex 
SOS model form factors This paper is the first trial for that purpose. 

2 Basic definitions 

Let us consider the Z-invariant eight-vertex model jllj on a planar rectangular lattice. The 
state variables are associated with four edges around each vertex. Here the local state on an 
edge takes two possible values (+) and (— ), respectively. The product of four states on the 
four edges around each vertex should be + sign. This is called the generalized ice condition. 

Each straight line on the lattice carries a rapidity, or a spectral parameter. Let V = 
Ci>_|_ Cv-, and let V u be a. copy of V with a rapidity u. Then the i?-matrix R Vu i> Vu 2 can be 
regarded as an endomorphism on V Ul ® V U2 . It is due to the Lorentz invariance that R v ^y^2 
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depends only upon the difference of the rapidities u\ — U2- In what follows we thus denote 
R Vu x ,Vu 2 by R( Ul - U2 ). 

The convention of the matrix elements of R(u) £ End(y (8) V) are as follows: 



R{u)v £l ®v £2 = 2^ V s[ ® v £ ' 2 R{u) £ \ 

e' x ,e' 2 =± 



(2.1) 



For fixed x = e e (e > 0) and r > 1, the explicit expression of the entries of R(u) is given as 
follows: 

a(u) d(u) 



R(u) 



1 



k{u) 



R{u) 



' R(u) 



1 



k(u) 



k(u) 



b(u) c(u) 
c(u) b(u) 
d(u) a(u) 



(2.2) 



where 
R{u) 



[1] r «(«) = c 2 ^ p(z) 



[1-up"' * pp 1 ) 

(htti 2 ^ • 4 hTt* 2 T* \ ( rv* 2 'V ~\~ 2 *v • ry» 4 ry* 2 T \ 



(z = C= x~ 2u ) 



(2.3) 



{a;pi,--- ,p n )oo = [^(l-apj 1 ■■■pj*), 



nez 



a(u) 



c(u) 



o ttV— 1 \ Q I 1—u . n\J—l ■ 

72 V2r' 2er /^U 2r ' 2er - 



6(«) 



q ttV— 1 \a ( 1—u . tt\/—1 \ 

72 V2r' 2er / (72 V 2r ' 2er / j/ \ 

"V^T^ ( 1 . ttv^Ta ' 



n /_u_. tt\/— 1 \/j / 1—u . 7r\/— 1 \ 
7 U2r' 2er 2r ' 2er > 

#2(0; ZE |^)^i(^:; ZL ^) 

a ( u . — 1 \p (1—u. ify—l 



(2.4) 



2V-1ti-« n i 



0l l2 («;r) = v^rgk" 1 ©,»(±2) ) ^3,4(u;r) =9 g2 (^). (g = e^^, z = ( 2 
The most important property of the i?-matrix is the Yang-Baxter equation |12j : 

J Rl2(Cl/C2)i?13(Cl/C3)^2 3 (C2/C3) = #23 fo/Cs^lS (Cl/Cs)^ (Cl /C 2 ) , (2.5) 

where the subscript of the P-matrix denotes the spaces on which R nontrivially acts. 

From (|2.3j) k(0) = 1 = k(0). It is easy to see R(l — u) = k(u), which implies k(1) = 1. From 
these and (|2.4|) we have 



i?(0) = P 



1 1 
1 1 



(2.6) 
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The unitarity relation 



and the crossing symmetries 



Ri 2 {u)R 21 {-u) = 1, 
u) = afRi 2 (u)af 



(2.7) 
(2.8) 



are also important. 

For fixed e > and r > 1, the region < u < 1 is called the principal regime. This regime is 
one of antiferroelectric regions because of c > a + b + \d\. In the low temperature limit e — > +oo 
(c 3> a + b + \d\), only c-type configuration is permitted at each vertex. Thus, there are two 
ground states in the principal regime. 

Let us consider the half infinite pure tensor vector • • • <g> v E3 <S> v e2 (g> v ei along a half infinite 



row. The ground state corresponds to the sequence e, 



.iy+i 



0, 1). Fix the ground 



state labeled by i. Then at finite temperature e > 0, any state configurations differ from that 
of i-th ground states by altering a finite number of spins. Otherwise, the system has infinitely 
high energy. Thus, the space of states TLi is the subspace of '■ • ■ <g> V <g> V (g) V spanned by 

• • • ® v £3 ® v £2 ® v £1 , ej = (j > 1). 

Let us remind the definitions of the eight-vertex SOS model and the intertwining vectors. 
The eight-vertex SOS model is a face model which is defined on the square lattice with a 
site variable kj € Z attached to each site j. We call kj a local state or a height and impose the 
condition that heights of adjoining sites differ by one. Local Boltzmann weight of this model is 



given for a state configuration 



d 



round a face. Here the four states a, b, c and d are 



ordered clockwise from the SE corner. The weights are assumed to be the functions of the 
spectral parameter u and the nonzero Boltzmann weights are given as follows: 



W 



w 



w 



k±2 


k±l 


k±l 


k 


k 


k±l 


k±l 


k 


k 


fc=F 1 


k±l 


k 



1 



1 [1-u] 



k{u) k(u) [1] 
1 [lp±u] 1 [k±u] 



k(u)[l-u][k] R{u) [k] ' 

i M[fc±i] i M[fc±i] 

R{u) [l-u][k] ~ R(u) [l][k] 



(2.9) 



In regime III (0 < u < 1) the ground state of the eight- vertex SOS model (|2.9j) can be labeled 
by an integer I, whose local states are I or I + 1. In what follows, we fix one of the ground state 
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(labeled by, say, I), and consider any configurations which differ from that of the l-th ground 
state by changing a finite number of local states. Let us call a path p = (k\, k 2 , ks, ■ ■ ■ ) an 
admissible path, if \kj+i — kj\ = 1 (j = 1, 2, 3, ■ ■ ■ ) holds. Let Ti!fl (i = 0, 1) be the space of 
admissible paths satisfying the initial condition k\ = k and the following boundary condition 



k'j 



I if j = 1 — i (mod 2) 
l + l if j = i (mod 2) 



(j » 1)- 



Note that i = k — I (mod 2). 
The intertwining vectors 

(^/IIT)fc-f+l/2 £ fc-i 



t k ±\uf = 



V2 



f(uWe-(^;^), (+,-) = (3,4), 



(2.10) 



map the eight-vertex SOS model in regime III onto the eight-vertex model in principal regime. 
Here, the normalization factor f(u) satisfies the relation 



[u]f(u)f(u - 1) 



7T er 

— e 2 . 

er 



(2.11) 



The explicit expression of f(u) is as follows: 



/(«) 



x't+^+l (x A+2u ;x\x 2r )oo(x 



4+2u. _4 „2rN 



„2r+2-2u. _4 „2r 



T 4 2r\ 



C v /(i 2r ;i 2f ) 00 (x 2 + 2 «; x 4 , x 2 ^ {x 2r ~ 2u ; x 4 , x 2r ) c 



(2.12) 



Then we have the so-called vertex-face correspondence: 

R(U! ~ U 2 )t C b ( Ul ) t b a ( U2 ) =J2 W 



c 


d 








Ul - u 2 


b 


a 





t d a { Ul )®t c d {u 2 ) 



(2.13) 



u 2 



u 



t k '( u y 



k'~ 



>- 



■ui 



E 



^2 



■Ul 



Let us introduce the following dual intertwining vectors: 

tf(u;e,r)=tf(u) = Y,tf («)*i£, 



e=± 



(2.14) 



From the following inversion relations 



fc") 



X; 4,(uytf (u) £l = st„ 



(2.15) 



fc'=fc±l 
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the dual vertex-face correspondence holds: 
t* d a (ui) <g> t* d (u 2 )R( Ul - U2 )=^2W 



u 

k * k' 



c d 






U\ — U 2 


b a 








1 

i 




d 



t* c b ( Ul )®t* b a (u 2 ). 



We also introduce another dual intertwining vector 

tf(u;e,r)=tf(u) = J2tf ( 
1 



MP 



e=± 



tf(n) £ = M 4(n-ir, 



that satisfies the following inversion relations: 



e=± 




T ° 



J2 4'( u yt* k Uu)e> = 5i,. 



k'=k±l 



k' 



k' 



k 



S k> 
°k" 



■k" 



k"~ 



k I k 



For fixed r > 1, let 

S(u) = -R(u;e,r-l), W 





c 


d 






c 


d 








w 






u 


= -W 






u 








b 


a 






b 


a 






ri — >•! — 1 



and 



t'lHu) :=tp(u;e,r-l). 



i_*k i 



Then we have 

t'* d a (ui) ® t'* c d {u 2 )S{ Ul - U2 ) = Y J W 

d 

Note that the normalization factor in (|2.19|) is given by 

<?*(•*) 



c 


d 








U\ — u 2 


b 


a 





t'f{ Ul )®t'l a {u 2 ). 



«*(C) = -k(C,x,x 2 ^) = C — ^ry g*(z) = ^(sV 1 ) 



The explicit expression of g*(z) is given as follows: 
r„V r r 4 -ly r 2r+2„y r 2r+6.-li/ 

The eight-vertex model is on the 'reflectionless point' if r = 1 + 1/N (N = 1,2,3,- ••) 
and therefore the 5-matrix becomes (anti-) diagonal. When r = 2 (N = 1) the XYZ model is 
equivalent to the double Ising model ^2], as is well known. 



3 Form factors in the eight-vertex SOS model 

In this section we construct integral formulae for form factors in the eight-vertex SOS model. 
The first two axioms for form factors in the eight-vertex SOS model are as follows: 
1. VF'-symmetry 



F m ''(■■■ > Ci+1) Cji ' ' ' 
lj+1 l'j 



ij ij-i 



Uj - u j + 1 



F m ' "*(''' > Cj'j Cj'+l) " " " — 



(3.1) 



2. Cyclicity 



(3.2) 



Here, we only consider the case Iq = fo m for 2m-pt SOS form factors. These two imply the 
q-KZ equation of level 0: 



Fm' HCl;'' - i x Cji'" iC2m)loh—fa m -i 



E w ' 



/'.../' ;' .../' 



/• V 



Uj — Uj-i — 2 



3-2 
X ] ] W 

k=l 

2m 

x n w ' 

k=j+i 



V V 

L k+1 L k 


Uj — Uk — 2 


W 


Y V 

l l L 2m 


Uj ~ U2m 


h h-i 






^0 hm-1 





V Y 

L k+1 L k 
h lk-1 



Uj - U k F& 1,k \Cl, ■■■ ,Cji'" , C2n)l{---l'l j l'---l' 2m l' l - 



(3.3) 



Set 



F^HOlh- 



■hm-ii - Cm Cj r 1 9* (^j / z k )F < ^ k \c)i h ...i 2m _ 1 i. 

l<J<fc<2m 



(3.4) 



Here c m is a constant, and the function g*(z) is a scalar function defined by Q2.23|) . 
Let 

A± := {a\l a = l a -i ±1, 1 ^ a < 2m}. 



(3.5) 
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Then the number of the elements of A is equal to m because Iq = l 2 m- Let us introduce the 
following meromorphic function 



2m r 1-1/ 



qlhcw.,^ = n K-^+irn [Ua { Va *t l ; y i n p - HJ > ^ 

a<b 

[«]' = x^-^e xa(r -i)(x 2tt ), 

where w; a = x~ 2l,a and Zj = £j = x _2n ?. Here we use slightly different Q / m (^ , |C)/Zi---« 2 m-i' from 
the one we used in [HI] . 

The integral part F m ' in (|3.4|) is given as follows: 

^(Owr-W-!^ II / ^ ^HOQ' m HOlh---h m - 1 l- (3.7) 



aeA_ 



Here, i = k — I (mod 2), and the kernel has the form 



*t ) Ho=^ ) Ho n n^^^n— ) n -<-~~^- ^ 



aeA_ j=l ■> l<j<fc^2n 



where 



f~2r+l 4 2(r-l)\ (~2r+l „-l. „4 2(r-l)\ 



(2m \ 2m 

(-!) m n ^no -* 2+4 * n ^~ 2 n 

aeA_ 3=1 / \ aeA_ 3=1 

" n ( 1_ f) _ 2f TT n.—mva TT 1 



(3.10) 



x 



ir- n x ~ mva n ^-^^km). 

3=1 a£A- a,beA_ 

a<b 



The integrand may have poles at 

f s ±(i+4n 1+ 2(r-i)n 2 ) (1 < j < 2m,ni, na € Z^), . _ 

H) a = < (3-11) 
I x 3+2 ( r_1 ) n3 ;Zj (a < j < 2m,n 3 G Z). 

We choose the integration contour C' a with respect to w a (a G j4_) to be along a simple 
closed curve oriented counter-clockwise that encircles the points x 1 + 4n i+ 2 ( r - 1 ) n 2 z . (\ ^ j <; 
2m,ni,n 2 G Z >0 ) and !C 3 + 2 ( r - 1 ) n 8^ (a < j < 2m,n 3 G Z> ), but not x -i- 4 ™i-2(r-i)n 2 ^. 
(1 j ^ 2m, ni,ri2 G Z^o) nor x 3 ~ 2 ( r_1 ) n3 Zj (a ^ j ^ 2m, 713 G Zj>o)- Thus, the contour 
actually depends on the variables z~, and therefore strictly, it should be written C' a (z). The 
LHS of QM.2J) represents the analytic continuation with respect to ( 2 m- 
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UK, 



• • • • • 




5-2r 



l-2r 



(1 < j < 2n) 

Then i^m (OiZr-lsm-iJ satisfies level g-KZ equations , and therefore it can be identified 
a form factor in the eight- vertex SOS model. 



4 Form factors in the eight-vertex model 

Let us introduce Fm(£), the form factors in the eight- vertex model through the vertex- face 
transformation as follows: 

^(01,^^= E ^ ) (Ow---^(«i-^r--^fc_ 1 (^-«o)' ,am - 

Ml,-" ,^2m 



Here i = k — lo (mod 2), and 

t'Uu) :=t k k r(u;e,r-l). 
Let us remind (|2.2U|) and let us introduce 

t'lHu) := t* k Hu; e,r-l). 

Then the following inversion relations hold: 



(4.2) 



(4.3) 



(4.4) 



e=± 



k'=k±l 



E ?s?(u)^j"(«) e = e ^(uW^ = 

e=± k'=k±l 

It follows from (j4.4j) and 1)4. 5 Jl that the relation 1)4.1)1 is equivalent to 



E ^'^(OloJi-fan-iJ^CC"! " «0) ® • • • ® *'£ m "(^m " n ) 

E ^Hcw---^-^^! - «o) ® • • • ® Kt 1 ^™ - u °y 

ill" - ,'2m 



(4.5) 



(4.6) 



Thus, the 5-matrix symmetry 1)1. 2JI fori^ (C) follows from the VK'-symmetry (|3.1|l for Fm' k \C)- 
It is evident from 1)4.4(1 and (|4.5jl that one of the sufficient conditions of (jl.3j) . the cyclicity 
for F r ^(C), is as follows: 

E Cr^™ - u + 2)„F^' fc )(C / ,x- 2 C 2m ) i0 .../ 2m _ 1 / 2m 

( 2m = 
^m-li 1 

= E ^ , («2m-«0)M^ /,fc) (<2 m ,C / )i'fa-»i ara - 1 - ( 4 -7) 
l'=l ±l 

The strategy is as follows. We have an expression for only the case = Iq- Thus, first 
let hm-i =Ioil an d solve (|4.7jl . Then we will obtain formulae for ?2m = 'o i 2. Next let 
hm-i = lo =t 3 and solve (|4.7|) , Then we will obtain formulae for /2m = ^0 ± 4. Repeating this 
procedure, we will obtain the general formulae for = lo (mod 2). 
For generic r, not (|4,7|) but (|4,8|) does holds: 

E ? £ m_1 (^ m - n ) M F^- fc )(C / ,x- 2 C 2m )i 0i ,., 2m _ 1 / 2m 

= E t t'^rn-U )^ k \C 2m ,(')in l 1 ...l 2m - 1 . (4.8) 
/'=«o±l 

Here, for /2m = / + 2s ^ Z, let 

A'_=A_U{-1,--- ,-*}, 

and l-i = I + 2{i — 1) for 1 ^ i ^ s. Then the meromorphic function Q' m (w\( < )ii l ...i 2m _ 1 i+2s is 
defined as follows ITF 



Q l mH0lh-l 2m - 1 l+2 S = 11 r — _3 V 11 



X 



1 I 1 ; 1/ / -"' 1 1/ 1,1 (4-9) 

nr , TT "0 -Va'-2+ M \ TT i l 



a<6 



The meromorphic function Q' m (w \Qlh— h m -\l-2s f° r hm = I — 2s ^ I can be defined similarly, 
see ^31- In order to derive (|4.8|) we use the relation (|2.11j) with r replaced by r — 1, and the 
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addition theorems 



1 + 2S-1-(U-U ) . 7T\/— T \ [«-f-^+^+2(s-l)]' _ ^+26-1 + (m-U ) . TTy^T 



2(r-l) ' 2e(r-l) 



2(r-l) ' 2e(r-l) 



[wo-^'-J^+Z+2(s-l)] , [w -w]'[l+2s-l]' fl ( l+u+u Q -2v+2s-i . Try^T 

2(r-l) ' 2e(r-l) J ' 



[«o-f-§]' 



[wo— o- §]'[«— ' «— §]' 



l-(u-UQ + l) TTy^T \ _ /J / Z + (w-WQ + l) 7T\/-— T 

2(r-l) >W=Tj) [u _„_3], P H 2(r-l) ' 2e(r-l) 

[uo-u-f+Z]' [w-i;-^]' _ [u -w-l]'[Z]' / f+M+Mo _ 2t; _2 . 7r\/— T 

r 3 i/ r 3 i/ ~~ r 3 m 3 i/ 1 \ 2(r-l) ' 2e(r-l) ,/ ' 

where i = 3,4. 

When r = rjy = 1 + 1/N (N = 1, 2, 3, • • • ), the eight-vertex model is called reflectionless. 

At r = ttv, 

t'f(u) = t'f(u + 2) 

holds. Thus, (|4.8j) implies (|4.7|) at r = r^. Furthermore, the sum with respect to h can be 
carried out when r = r/v, by rewriting i% as 2m-fold integral form: 

2m 



F (i) (C) 



(4.10) 



Here, 



Q m ] HC) 



2m 1 I 2m r ly 

tt 1 [ -rr fcj ~ ^ ~ g] 

H N - «a - fl'K " t?« - §]' K - «a - §]' 



2m 



2/(1 



n % i± sV' n [«« - + ^ 



(4.11) 



a<6 
a, 6=1 



and + = 3, - = 4. 

The resulting formulae suggest us that the free field representation of the type II vertex 
operators 1 are as follows: 

I i+u+UQ — 2v . 7TV 7 — J 

<'- M) (0 



— -=--V (C)^H- 377^ 37 

C' 2ir\/—lw [Uq — v — %\ [u — v — |J 



(4.12) 



where 



= (2(r-l) . exp 
r 

5 (to) = w^-v : exp 



2(r - 1) 



a 



m -m 



m=/=0 



m 



• — 1 m m r 

' m^O L 1 



1 Concerning the terminology type I and II, see e.g., |14|. 
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Here we use the bosonic oscillators with the following commutation relations: 

[a m ,a n \ = m <Wn,o, [m 



[2mJ :E [(r - ljmja; a; - x (4.13) 

[Q,P] = V^l- 

5 Summary and discussion 

In this paper, we tried to construct the form factors in the eight-vertex model as solutions to 
level q-KZ equation, or Smirnov's axioms. The q-KZ equation was reduced to (|4.7jl . Up to 
now, eq. (|4.7|) has been solved only at reflectionless points r = 1 + 1/N (N = 1,2,3, •••). 
On these points, we further succeeded to construct the free field representation of the type II 
vertex operators. 

Let us list a few open problems. 

1) Obtain the type I vertex operators at reflectionless points, which should commute the type II 
ones with some scalars, and which themselves should satisfy appropriate commutation relations. 

2) Solve (|4.7|) for generic r > 1. 

3) Find the link with Shiraishi's work, in which the type I and II vertex operators can be 
constructed from the representations of the deformed W(Dn + i) or W{B^ ® B m ) algebra. 

Shiraishi's bosonization is phenomenological in the sense that the relation between the 
eight-vertex model and the deformed W algebra is unclear, at least up to now. In a joint work 
with M. Lashkevich, we study to show that the form factors at reflectionless points can be 
obtained without integrals on the basis of vertex-face transformation method. Throughout this 
study, we wish to give theoretical account of Shiraishi's scheme. 
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